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Abstract
This paper provides a geometric description for Lie–Hamilton systems on R2 with locally
transitive Vessiot–Guldberg Lie algebras through two types of geometric models. The first one is
the restriction of a class of Lie–Hamilton systems on the dual of a Lie algebra to even-dimensional
symplectic leaves relative to the Kirillov-Kostant-Souriau bracket. The second is a projection onto
a quotient space of an automorphic Lie–Hamilton system relative to a naturally defined Poisson
structure or, more generally, an automorphic Lie system with a compatible bivector field. These
models give rise to a natural framework for the analysis of Lie–Hamilton systems on R2 while
retrieving known results in a natural manner. Our methods may be extended to study Lie–
Hamilton systems on higher-dimensional manifolds and provide new approaches to Lie systems
admitting compatible geometric structures.
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Vessiot–Guldberg Lie algebra.
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1 Introduction
A Lie system is a first-order system of ordinary differential equations (ODEs) whose general solution
can be written as a function, a so-called superposition rule, of a generic family of particular solutions
and some constants to be related to initial conditions [7, 8, 9, 15, 27, 28, 29]. Lie systems can be
characterised by the Lie–Scheffers theorem [7, 8, 9, 15, 17, 29], which states that a Lie system is
equivalent to a t-dependent vector field taking values in a finite-dimensional Lie algebra of vector
fields, called a Vessiot–Guldberg (VG) Lie algebra of the Lie system [9, 17].
Every Lie system on R2 can be endowed with a VG Lie algebra that is, around a generic point,
locally diffeomorphic to one of the twenty-eight possible classes of VG Lie algebras on R2 described in
[12, 15, 17]. In particular, only twelve classes can be considered, again locally around a generic point,
as VG Lie algebras of Hamiltonian vector fields relative to a symplectic form (see [6, 17] and Table 1).
Lie systems admitting a VG Lie algebra of Hamiltonian vector fields relative to a Poisson bivector are
called Lie–Hamilton systems [6, 10, 17]. In the case of Lie–Hamilton systems on R2, the role played
by the Poisson bivector is accomplished, at a generic point on the plane, by a symplectic form [2].
Although Lie–Hamilton systems on R2 are the exception rather than the rule among general differ-
ential equations (cf. [6, 17]), they admit a plethora of geometric properties and relevant applications
[3, 4, 5, 6, 17], which motivates their analysis. For instance, Smorodinsky–Winternitz oscillators [11]
or certain diffusion equations can be analysed via Lie–Hamilton systems on R2 (see [5, 6, 17] and
references therein).
Among Lie systems, a relevant role is played by automorphic Lie systems, i.e. a class of Lie
systems described by a t-dependent vector field on a Lie group G taking values in its Lie algebra of
right-invariant vector fields (or in its Lie algebra of left-invariant vector fields either) [7, 9, 17]. All
Lie systems can be described via automorphic Lie systems (see [7, 9, 17, 21, 22]). Nevertheless, there
exists no prototypical geometric model to describe Lie–Hamilton systems. Moreover, many works on
Lie–Hamilton systems try to derive or to explain the existence of a Poisson bivector or symplectic form
turning the elements of a VG Lie algebra into Hamiltonian vector fields [6, 16]. This has been done
by solving systems of partial differential equations (PDEs) [2] or using other algebraic and geometric
techniques [6, 4, 16].
The aim of this work is to provide prototypical geometric models for Lie–Hamilton systems on R2
admitting locally transitive VG Lie algebras, i.e. Lie algebras of vector fields whose elements span,
at every point, the tangent space to the manifold where they are defined on. More specifically, we
focus on the classes P1, P2, P3, P5, I4, I5, I8, I14A, I14B , and I16 given in Table 1. We use two types
of geometric models for studying Lie–Hamilton systems on R2, and we propose methods to derive
geometrically their associated symplectic structures.
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Table 1: Classes of VG Lie algebras of Hamiltonian vector fields on R2 (see [6, 12, 14]). In particular,
every Lie algebra consists of Hamiltonian vector fields on the submanifold of R2 where the given symplectic
form is well defined. The functions ξ1(x), . . . , ξr(x) and 1 are any set of linearly independent functions, while
η1(x), . . . , ηr(x) form a basis of fundamental solutions for an r-order homogeneous differential equation with
constant coefficients [14, pp. 470–471]. Finally, g1 ⋉ g2 stands for the semi-direct product of the Lie algebras
g1 and g2, where g2 becomes an ideal of g1 ⋉ g2. We assume that i = 1, . . . , r and r ≥ 1. Locally transitive
VG Lie algebras are written in bold.
Primitive Lie algebra structure Basis of vector fields Xi ω
P1 iso2 ≃ R ⋉ R
2 ∂x, ∂y , y∂x − x∂y, dx ∧ dy
P2 sl2 (type I) ∂x, x∂x + y∂y , (x2 − y2)∂x + 2xy∂y
dx∧dy
y2
P3 so3 y∂x−x∂y, (1 + x2−y2)∂x+2xy∂y, 2xy∂x+(1 + y2−x2)∂y
dx∧dy
1+x2+y2
P5 sl2 ⋉ R
2 ∂x, ∂y , x∂x − y∂y , y∂x, x∂y dx ∧ dy
Imprimitive Lie algebra structure Basis of vector fields Xi ω
I1 R ∂x f(y)dx ∧ dy
I4 sl2 (type II) ∂x + ∂y, x∂x + y∂y , x2∂x + y2∂y
dx∧dy
(x−y)2
I5 sl2 (type III) ∂x, 2x∂x + y∂y , x2∂x + xy∂y
dx∧dy
y3
I8 iso1,1 ≃ R ⋉ R
2 ∂x, ∂y , x∂x − y∂y dx ∧ dy
I12 Rr+1 ∂y, ξ1(x)∂y , . . . , ξr(x)∂y f(x)dx ∧ dy
I14A R ⋉ R
r ∂x, η1(x)∂y , η2(x)∂y , . . . , ηr(x)∂y , 1 6= ηi(x) dx ∧ dy
I14B R ⋉ R
r ∂x, η1(x)∂y , η2(x)∂y , . . . , ηr(x)∂y , 1 = η1(x) dx ∧ dy
I16 C
r
−1 ≃ h2 ⋉ R
r+1 ∂x, ∂y , x∂x − y∂y , x∂y , . . . , x
r∂y , dx ∧ dy
Our first model describes Lie–Hamilton systems on R2 as the restriction of a Lie–Hamilton system
on the dual, g∗, of a Lie algebra g to an even-dimensional symplectic leaf on g∗ relative to the Poisson
structure given by the Kirillov-Kostant-Souriau (KKS) bracket [25]. Our methods significantly extend
and clarify the procedure briefly sketched in [4, Theorem 2], which was focused on studying only a
particular simple example and it did not consider several difficulties for the application of the technique.
Moreover, we now obtain as a byproduct that certain Lie–Hamilton systems on R2 are endowed with
a pseudo–Riemannian metric that is invariant relative to the Lie derivative with respect to the vector
fields of the VG Lie algebra of the Lie–Hamilton system. This explains previous results relative to the
existence of Lie systems on R2 admitting a VG Lie algebra of Killing vector fields with respect to a
pseudo-Riemannian metric [16].
Our second model is a projection onto a quotient space of an automorphic Lie system whose VG Lie
algebra leaves invariant a Poisson bracket, or a general bivector field that it is also projectable. This
model extends the methods in [13], where invariant tensor fields relative to VG Lie algebras for Lie
systems were constructed via g-invariant elements of tensor algebras on the elements of a Lie algebra.
It is remarkable that all presented geometric models can be immediately extended to describe
Lie–Hamilton systems on higher-dimensional manifolds. Moreover, our results also provide additional
information on the existence of symplectic leaves for KKS brackets related to general Lie algebras, e.g.
the existence of two-dimensional symplectic leaves relative to the KKS bracket on sl∗3. Finally, our
techniques give rise to the conjecture that the compatible structures for Lie systems can be obtained
very generally via the projections onto quotient spaces of automorphic Lie systems admitting VG Lie
algebras of right-invariant vector fields and associated left-invariant tensor fields.
2 Fundamentals
Let us provide a brief account of the theory of Lie–Hamilton systems needed to understand our work
and to make our exposition almost self-contained. To highlight our main ideas and to avoid minor
technical details, we assume, if not otherwise stated, that mathematical objects are smooth and well
defined globally (see [1, 7, 9, 17, 25] for further details). Hereafter, N stands for a connected n-
dimensional manifold, and g denotes an abstract finite-dimensional Lie algebra.
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We call a t-dependent vector field on N a map X : (t, x) ∈ R × N 7→ X(t, x) ∈ TN satisfying
that τN ◦ X = π2, where τN : TN → N is the canonical tangent bundle projection and we define
π2 : (t, x) ∈ R×N 7→ x ∈ N . An integral curve of X is a solution γ : R→ N to
dγ
dt
(t) = X(t, γ(t)), ∀t ∈ R. (1)
Then, γ˜ : t ∈ R 7→ (t, γ(t)) ∈ R × N becomes an integral curve of the autonomisation (also called
suspension) of X , i.e. the vector field on R×N of the form X˜ := ∂t +X [1, 9]. Conversely, a section
γ˜ : R → R ×N of the bundle π1 : (t, x) ∈ R×N 7→ t ∈ R that is additionally an integral curve of X˜
leads to a solution π2 ◦ γ˜ to (1). This one-to-one correspondence enables us to identify system (1) with
its associated t-dependent vector field X . This also allows us to shorten the terminology of the paper.
Each t-dependent vector field X on N amounts to a t-parametric family of standard vector fields
on N of the form {Xt : x ∈ N 7→ X(t, x) ∈ TN}t∈R. We call smallest Lie algebra of X (also called
minimal Lie algebra or irreducible Lie algebra in the literature [17]) the smallest Lie algebra (in the
sense of inclusion) of vector fields, V X , containing {Xt}t∈R. Let us denote by DV the generalised
distribution on N spanned by the elements of a Lie algebra of vector fields V . Then, DV is regular in
the connected components of an open and dense subset of N (see [19, 25] for details). Special attention
will be hereafter paid to finite-dimensional Lie algebras of vector fields, the so-called Vessiot–Guldberg
(VG) Lie algebras.
A superposition rule [8, 9, 17, 29] for a system X on N is a map Ψ : Nm ×N → N satisfying that
the general solution, x(t), to X can be expressed as
x(t) = Ψ(x(1)(t), . . . , x(m)(t), k),
for a fixed family of particular solutions x(1)(t), . . . , x(m)(t) to X and a parameter k ∈ N to be related
to the initial conditions of x(t). We call Lie system a system of ODEs admitting a superposition
rule. Although the term superposition rule has been used in the literature with different meanings and
there exist different approaches to each notion, our definition in this paper is the predominant in the
literature on nonlinear differential equations (cf. [7, 9, 17, 18, 24] and references therein).
Theorem 2.1. (The Lie–Scheffers theorem [7, 8, 9, 15, 29]) A system X on N admits a superposition
rule if and only if X =
∑r
α=1 bα(t)Xα for a set X1, . . . , Xr of vector fields on N generating an r-
dimensional Lie algebra of vector fields, called a VG Lie algebra of X, and a family b1(t), . . . , br(t) of
t-dependent functions.
A prototypical type of Lie system (see [7, 9, 17]) is given by the system of differential equations on
a Lie group G associated with a t-dependent vector field
XG(t, g) :=
r∑
α=1
bα(t)X
R
α (g), ∀g ∈ G, (2)
where XR1 , . . . , X
R
r stand for a basis of right-invariant vector fields on G, and b1(t), . . . , br(t) are
arbitrary t-dependent functions. Indeed, XR1 , . . . , X
R
r span an r-dimensional VG Lie algebra on G [1].
The Lie–Scheffers theorem yields then that (2) admits a superposition rule, which turns XG into a Lie
system. In fact, the right-invariance of (2) relative to the action of G on itself from the right ensures
that if g0(t) is any particular solution to (2) and h ∈ G, then g0(t)h is another particular solution to
(2). Since initial conditions to (2) are in one-to-one correspondence with its particular solutions, the
general solution to (2), let us say g(t), can be written as
g(t) = g0(t)h,
where h is an arbitrary element of G. Then, XR possesses a superposition rule Ψ : (g, h) ∈ G×G 7→
gh ∈ G. Lie systems taking the form (2) are called automorphic Lie systems [9, 13]. Every Lie
system can be solved through one particular solution to a related automorphic Lie system [7, 9, 17].
Automorphic Lie systems play a relevant role in determining superposition rules for special classes of
Lie systems [21, 22].
Let us turn to studying Lie systems with compatible Poisson structures (see [17] for details). We
recall that a Poisson structure onN is a map {·, ·} : C∞(N)×C∞(N)→ C∞(N) that is antisymmetric,
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bilinear, and it satisfies the Leibniz property and the Jacobi identity. The pair (N, {·, ·}) is called a
Poisson manifold. We just say that N is a Poisson manifold if {·, ·} is understood by context. Since
{·, ·} is a derivation on each entry, it amounts to a bivector field Λ on N satisfying [Λ,Λ]SN = 0,
where [·, ·]SN stands for the Schouten-Nijenhuis bracket. Conversely, a bivector field Λ on N satisfying
[Λ,Λ]SN = 0 leads to a Poisson structure {f, g} := Λ(df, dg) for every f, g ∈ C∞(N). Hence, {·, ·} and
its associated Λ can be considered as equivalent.
A vector field X on a Poisson manifold N is Hamiltonian if there exists a certain f˜ ∈ C∞(N)
such that Xf = {f˜ , f} for every f ∈ C∞(N). A Casimir function of {·, ·} is a function h ∈ C∞(N)
satisfying that {h, f} = 0 for every f ∈ C∞(N).
The use of Poisson structures in the study of Lie systems appeared very succinctly in [7], but its
usefulness, for instance so as to obtain superposition rules and constants of motion for Lie–Hamilton
systems, was shown posteriorly in [10]. In particular, the use of Poisson geometry in the study of Lie
systems is based on the definition below [10, 17].
Definition 1. A system X on N is called a Lie–Hamilton system if V X is a VG Lie algebra of
Hamiltonian vector fields relative to a Poisson bivector on N .
The work [2] showed that every VG Lie algebra V of Hamiltonian vector fields on a two-dimensional
Poisson manifold N is, around each point p ∈ N where DVp = TpN , locally diffeomorphic to a VG
Lie algebra detailed in just one of the twelve classes of Table 1. Note that I12, I14A, I14B, and I16 are
additionally subdivided into subclasses depending on the index r, which fixes the dimension of the VG
Lie algebras of each subclass.
VG Lie algebras may be isomorphic as Lie algebras without being locally diffeomorphic, e.g. this
concerns the VG Lie algebras of the classes P2, I4, and I5 (see Table 1). Meanwhile, VG Lie algebras
belonging to one of the classes I12, I14A, I14B , and I16, may not be isomorphic between themselves as
Lie algebras. For instance, 〈∂x, ex∂y, e2x∂y〉 and 〈∂x, ex∂y, xex∂y〉 belong to I14A (for r = 2), but they
are not isomorphic as Lie algebras because the first one is isomorphic to R ⋉1 R
2 while the second is
isomorphic to R⋉2 R
r for a different, not equivalent to ⋉1, semi-direct product ⋉2.
If a Poisson bivector Λ satisfies that the map Λ̂ : α ∈ T ∗N 7→ Λ(α, ·) ∈ TN is an isomorphism, then
Λ(Λ̂−1·, Λ̂−1·) becomes a symplectic form on N . Every Poisson manifold (N,Λ) is such that N can
be decomposed into the sum of non-intersecting submanifolds (generally of different dimension), a so-
called stratification [1], in such a way that Λ is tangent to each submanifold and its restriction induces
a symplectic structure on it. Moreover, the tangent space to each submanifold of the stratification is
spanned by the restriction to it of the Hamiltonian vector fields relative to Λ (see [25] for details).
Let us now define a new structure for the study of Lie systems. Let G be a Lie group and let
T L(G) be the space of left-invariant contravariant tensor fields on G. It is clear that if {XL1 , . . . , XLr }
is a basis of left-invariant vector fields on G, then every element of T L(G) can be considered as a
linear combination of tensor products of XL1 , . . . , X
L
r . Moreover, if V
L stands for the space of left-
invariant vector fields on G, then one can define a Lie algebra morphism µ : X ∈ V L 7→ µX := LX ∈
End(T L(G)), where LX denotes the Lie derivative relative to X .
Let us briefly analyse the space of invariants,
T Linv(G) := {T ∈ T L(G) : µX(T ) = 0, ∀X ∈ V L},
relative to µ. Let us show how Casimir elements of a Lie algebra g and the g-invariant elements of
the Grassmann algebra,
∧
g, of g can be considered as elements in T L(G) (see [26] for details). A Lie
algebra g admits a so-called universal enveloping algebra, U(g), which is linearly isomorphic to the space
of symmetric tensor products of elements of g. The adjoint representation ad : v ∈ g 7→ adv ∈ End(g),
can be extended to a Lie algebra morphism ad : g → End(U(g)) by considering that the extension
of each adv : g → g with v ∈ g to U(g), namely adv : U(g) → U(g), is a derivation relative to the
tensor product. Then, a Casimir element of g is a C ∈ U(g) satisfying that advC = 0 for every v ∈ g.
Similarly,
∧
g is linearly isomorphic to the space of skew-symmetric tensor products of elements of
g. Likewise, ad : g → End(g) can be extended to a new Lie algebra morphism ad : g → End(∧ g)
by extending each adv : g → g, with v ∈ g, to a derivation in Λg relative to the tensor product. A
g-invariant element is an L ∈ ∧ g such that advL = 0 for every v ∈ g.
Since every abstract Lie algebra g is isomorphic to the Lie algebra of left-invariant vector fields of
a connected and simply connected Lie group G, Casimir elements and g-invariant elements amount
to elements of T Linv(G). A similar construction to the above one can be accomplished by considering
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right-invariant objects on G. We denote then by T Rinv(G) the space of right-invariant tensor fields on
G.
Our previous construction is similar to the tensor algebra structure given in [13]. In this paper, we
will use such an approach to study Lie–Hamilton systems on the plane or higher-dimensional manifolds.
There exist other kinds of Lie systems admitting compatible geometric structures, e.g. a Lie system
X on N is called a pseudo-Riemannian Lie system when it possesses a VG Lie algebra of Killing vectors
relative to a pseudo-Riemannian metric on N (see [17] and references therein).
Finally, we detail a lemma that, although being rather immediate, it seems to be absent in the
literature. It will be useful to study the description of Lie–Hamilton systems through automorphic Lie
systems with a compatible geometric structure.
Lemma 2. A k-vector field V on a Lie group G, i.e. an antisymmetric k-contravariant tensor field
on G, can be projected onto the quotient space G/H of left cosets of a connected Lie subgroup H ⊂ G
if and only if π∗LXL
H
V = 0, where π : G → G/H is the canonical projection onto the quotient space,
for every left-invariant vector field XLH tangent to H.
Proof. The projection ofV to G/H exists if and only if π∗gVg is the same for all those g ∈ G projecting
onto the same coset in G/H . This implies that every integral curve φ(t) with φ(0) = g of a vector field
XLH tangent to H satisfies that
π∗φ(t)Vφ(t) = π∗gVg, ∀t ∈ R ⇔
d
dt
π∗φ(t)Vφ(t) = 0, ∀t ∈ R.
Hence, for every f1, . . . , fk ∈ C∞(G/H) and t ∈ R, we have
d
dt
π∗φ(t)Vφ(t)((df
1)pi(g), . . . , (df
k)pi(g)) = 0⇔
d
dt
Vφ(t)((dπ
∗f1)φ(t), . . . , (dπ
∗fk)φ(t)) = 0.
Then, 0 = LXL
H
V(dπ∗f1, . . . , dπ∗fk) = (π∗LXL
H
V)(df1, . . . , dfk). Hence, π∗LXL
H
V = 0 for every XLH
tangent to H . This shows that the latter condition is necessary. Since the vector fields, XLH , tangent
to H span the whole tangent space to H and H is connected, the previous reasoning can be reversed
to get that the given condition is sufficient.
3 Lie–Hamilton systems on R2 related to simple VG Lie alge-
bras
Let us show how a Lie–Hamilton system on R2 admitting a simple VG Lie algebra can be considered
as the restriction of a certain type of Lie–Hamilton system on the dual to a Lie algebra to even-
dimensional symplectic leaves of the KKS bracket on such a dual [25]. Our approach extends the
results and applications given in [4, Theorem 2].
Let g be a Lie algebra with a Lie bracket [·, ·] : g × g → g. If f ∈ C∞(g∗), where g∗ is the dual
space to g, the canonical isomorphisms g ≃ g∗∗ and Tθg∗ ≃ g∗, for any θ ∈ g∗, allow us to consider
dfθ : Tθg
∗ → R as a vector in g ≃ g∗∗ ≃ T ∗θ g∗. This leads to a Poisson bracket on g∗, called the KKS
bracket [25], given by
{f, g}(θ) := 〈θ, [dfθ, dgθ]〉, ∀θ ∈ g∗, ∀f, g ∈ C∞(g∗), (3)
where 〈θ, v〉 stands for the value of the linear form θ ∈ g∗ at v ∈ g.
Let us consider a basis {e1, . . . , er} of g. The isomorphism g ≃ g∗∗ enables us to understand the
elements of this basis as a coordinate system on g∗. Let us now define a differential equation on g∗
given by
dθβ
dt
= {h(t), eβ}, h(t) :=
r∑
α=1
bα(t)eα, β = 1, . . . , r, (4)
where θβ = 〈θ, eβ〉 for β = 1, . . . , r, and b1(t), . . . , br(t) are arbitrary t-dependent functions. The vector
fields Xαf := {eα, f} for every f ∈ C∞(g∗) and α = 1, . . . , r, span a finite-dimensional Lie algebra,
Vg∗ , since
[Xα, Xβ ]f = {eα, {eβ, f}} − {eβ, {eα, f}} = {{eα, eβ}, f} =
r∑
γ=1
cαβ
γXγf, ∀f ∈ C∞(g∗),
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where cαβ
γ , with α, β, γ = 1, . . . , r, are the structure constants of g in the chosen basis. Hence,
Vg∗ = 〈X1, . . . , Xr〉 is a Lie algebra and ρ : v ∈ g 7→ Xv := {v, ·} ∈ Vg∗ is a Lie algebra morphism.
Moreover, ker ρ = {v ∈ g : {v, eα} = [v, eα] = 0, α = 1, . . . , r}, namely ker ρ = Z(g), where Z(g)
denotes the centre of g.
In view of the above comments, (4) is the system of differential equations associated with
Xg∗ :=
r∑
α=1
bα(t)Xα,
which is a Lie system admitting a VG Lie algebra Vg∗ ≃ g/Z(g). Moreover, since Z(g) = 0 due to
the assumption on the simplicity of g, one obtains that Vg∗ ≃ g. By construction, X1, . . . , Xr are
Hamiltonian relative to the KKS bracket (3) on g∗. Hence, (4) becomes a Lie–Hamilton system.
Recall that a Poisson structure on N gives rise to a stratification of N into symplectic submanifolds
[25]. In particular, g∗ admits a stratification, F, induced by the KKS bracket. The tangent space to
each leaf of the stratification is spanned by the Hamiltonian vector fields of the KKS bracket [25].
Consequently, X1, . . . , Xr are tangent to each leaf Fk of F, and system (4) can be restricted to each
Fk. We write X
Fk for the restriction of Xg∗ to Fk. We also denote by X
k
1 , . . . , X
k
r the restrictions of
X1, . . . , Xr to Fk, respectively.
Since the elements of Vg∗ can be restricted to each Fk, such restrictions give rise to a VG Lie
algebra V k := 〈Xk1 , . . . , Xkr 〉 for the system XFk . It may happen that V k is not isomorphic to Vg∗ ,
since some restrictions of the vector fields of Vg∗ to Fk may vanish. Nevertheless, the restriction
mapping ρk : X ∈ Vg∗ 7→ X |Fk ∈ V k is a surjective Lie algebra morphism. Using the above facts
and since Vg∗ ≃ g is simple by assumption, we obtain that the kernel of ρk must be equal to zero or
Vg∗ , because these are the only ideals of Vg∗ . Let us prove that kerρk = 0. Every Hamiltonian vector
field on g∗ is of the form Xh := {h, ·} for a certain h ∈ C∞(N). Since {e1, . . . , er} are coordinates on
g∗, one obtains that h is a function of e1, . . . , er, i.e. h = h(e1, . . . , er), and, using the properties of
Poisson brackets, one gets that
Xhf = {h(e1, . . . , er), f} =
r∑
α=1
∂h
∂eα
{eα, f} =
r∑
α=1
∂h
∂eα
Xαf, ∀f ∈ C∞(g∗).
Hence, the vector fields X1, . . . , Xr ∈ Vg∗ span the tangent space to the symplectic leaves of g∗. In
other words, the elements of V k span the tangent space to each Fk. If we assume that dimFk 6= 0,
then the elements of V k span the tangent space to Fk and V
k 6= 0. Hence, kerρk 6= Vg∗ and kerρk = 0.
Thus, (4) can be restricted to each leaf, Fk, giving rise to a Lie–Hamilton system with a VG Lie algebra
of Hamiltonian vector fields V k ≃ g.
Summarising, we have proved the following result.
Theorem 3.1. Every simple Lie algebra g defines a Lie–Hamilton system (4) on g∗ with respect to
the KKS Poisson bracket. The restriction of (4) to each non-zero dimensional symplectic leaf gives
rise to a new Lie–Hamilton system with a VG Lie algebra isomorphic to g.
In particular, if dimFk = 2, then V
k is locally diffeomorphic to one of the classes of Lie–Hamilton
systems on R2 admitting a VG Lie algebra isomorphic to g. In view of Table 1 and since sl∗2 and so
∗
3
have two-dimensional symplectic leaves (cf. [20, 23]), Theorem 3.1 potentially allows one to obtain the
Lie–Hamilton systems on R2 related to the VG Lie algebras isomorphic to sl2 and so3, i.e. P2, P3,
I4, and I5. According to Table 1, there exist three classes of VG Lie algebras of Hamiltonian vector
fields on R2 isomorphic to sl2: P2, I4, and I5. To check that Theorem 3.1 allows us to recover all of
them, we have to verify all the restrictions of (4) on sl∗2 to each symplectic leaf relative to the KKS
bracket in detail (see Figure 1). On the other hand, it is immediate that Theorem 3.1 gives rise to
a Lie–Hamilton system on R2 admitting a VG Lie algebra locally diffeomorphic to P3, since it is the
only class of Hamiltonian VG Lie algebras on R2 isomorphic to so3 (see Table 1).
Although Lie–Hamilton systems on R2 related to VG Lie algebras isomorphic to sl2 and so3 were
very briefly studied in [4], our analysis here is much more detailed and it additionally shows, as a
bonus, the existence of additional features of such Lie–Hamilton systems, which retrieves in a more
natural and general manner results given in [13, 16].
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Figure 1: Representative symplectic submanifolds of the KKS bracket on sl∗2.
• VG Lie algebras isomorphic to sl2 (classes P2, I4, and I5):
Let {e1, e2, e3} be a basis of sl2 satisfying the commutation relations
[e1, e2] = e1, [e1, e3] = 2e2, [e2, e3] = e3.
In the given basis, system (4) takes the form
de1
dt
= −2b3(t)e2 − b2(t)e1, de2
dt
= b1(t)e1 − b3(t)e3, de3
dt
= 2b1(t)e2 + b2(t)e3. (5)
Hence, sl∗2 admits a Casimir function given by Csl2 := e1e3 − e22 (see [20, 23]). The symplectic
leaves of the KKS bracket on sl∗2 are therefore given by the submanifolds where the function Csl2 takes
a constant value. Then, Hamiltonian vector fields are tangent to such submanifolds. This implies
that we have three main types of two-dimensional symplectic leaves where Csl2 is positive (two-sheeted
hyperboloids), negative (one-sheeted hyperboloids), or zero (a two-sided cone without vertex). Three
types of symplectic leaves are illustrated in the diagram aside in orange, green, and blue colour,
respectively.
In the coordinate system {e1, e2, k := e1e3− e22}, one obtains that the restriction of (5) to each leaf
of the KKS bracket, reads
de1
dt
= −b2(t)e1 − 2b3(t)e2, de2
dt
= b1(t)e1 − b3(t)k + e
2
2
e1
, k ∈ R. (6)
To determine to which class in Table 1 systems (6) belong to, one can use the so-called Casimir
tensor field (see [6])
Tsl2 :=
1
2
(Xk1 ⊗Xk3 +Xk3 ⊗Xk1 )−Xk2 ⊗Xk2 . (7)
This tensor field appears naturally as the restriction to each Fk of
1
2 (X1 ⊗X3 +X3 ⊗X1)−X2 ⊗X2
on sl∗2. In fact, since the previous tensor field is constructed as a linear combination of tensor products
of Hamiltonian vector fields, it is then tangent to each Fk and it gives rise to Tsl2 .
Recall that the two-dimensional symplectic leaves in sl∗2 relative to the KKS bracket are given by
its symplectic leaves in sl∗2\{0}. Hence, one can use [6, Theorem 4.4], which claims that the sign,
kTsl2 , of the matrix of the coefficients of Tsl2 at a single point of Fk classifies to which class of Table
1, the Lie algebra V k ≃ sl2 is locally diffeomorphic to. In particular, if kTsl2 > 0, then V k is locally
diffeomorphic to P2; while kTsl2 = 0 gives that V
k is locally diffeomorphic to I5; and finally kTsl2 < 0
indicates that V k is locally diffeomorphic to I4.
To check which class of Lie algebras on the plane is V k diffeomorphic to, it is enough to see
that {e1, e2} are local coordinates at a certain open subset of each two-dimensional leaf Fk. Hence,
kTsl2 = sign(det[Tsl2 ]αβ) = sign(detTsl2(deα, deβ)) for α, β = 1, 2. Then,
det(Tsl2) = det
[ −e21 −e2e1
−e2e1 −e1e3
]
= e21(e1e3 − e22) = e21k. (8)
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Thus, each one of the main three types of symplectic leaves leads to a VG Lie algebra of a different type.
In particular, k > 0 yields a VG Lie algebra locally diffeomorphic to P2 on a two-sheeted hyperboloid;
k < 0 leads to a VG Lie algebra locally diffeomorphic to I4 on a one-sheeted hyperboloid; and k = 0
induces a VG Lie algebra locally diffeomorphic to I5 on a two-sided cone without vertex. In turn, this
makes the Lie system
XFk =
3∑
α=1
bα(t)X
k
α (9)
into a Lie–Hamilton system possessing a VG Lie algebra locally diffeomorphic to P2, I4, and I5, when
k > 0, k < 0, or k = 0, respectively. Recall that the symplectic form related to (9) is the one associated
with the restriction to Fk of the Poisson bivector on sl
∗
2.
For the sake of completeness, we provide the coordinate expression for (9). In particular the system
can be mapped, for k > 0, onto the system
dξ
dt
= b1(t)
∂
∂x
+ b2(t)
(
x
∂
∂x
+ y
∂
∂y
)
+ b3(t)
(
(x2 − y2) ∂
∂x
+ 2xy
∂
∂y
)
, ξ := (x, y) ∈ R2,
through the change of variables x := e2/e1 and y :=
√
k/e1. In the case k < 0, system (6) can be
mapped, via the change of variables x := (e2 −
√−k)/e1 and y := (e2 +
√−k)/e1, onto the system
dξ
dt
= b1(t)
(
∂
∂x
+
∂
∂y
)
+ b2(t)
(
x
∂
∂x
+ y
∂
∂y
)
+ b3(t)
(
x2
∂
∂x
+ y2
∂
∂y
)
, ξ := (x, y) ∈ R2.
Finally, the change of variables x := e2/e1, y := 1/
√
|e1| maps (6) into
dξ
dt
= b1(t)
∂
∂x
+ b2(t)
(
x
∂
∂x
+
y
2
∂
∂y
)
+ b3(t)
(
x2
∂
∂x
+ xy
∂
∂y
)
, ξ := (x, y) ∈ R2.
It is worth noting that our approach also explains other aspects of the Lie–Hamilton systems (9).
In fact, the Casimir tensor field (7) can also be understood as a symmetric contravariant tensor field on
each leaf Fk that is invariant relative to the Lie derivative with the elements of V
k. When k 6= 0, the
matrix of the coefficients of (7) becomes non-degenerate by (8), and Tsl2 admits an inverse gsl2 that
is a metric invariant relative to the Lie derivaties with the elements of V k. Then, the Lie–Hamilton
systems on the leaves with k 6= 0 become pseudo-Riemannian Lie systems as proved in [16, Table 1].
In particular, the metric is positive definite for k > 0, i.e. Riemannian, while it is pseudo-Riemannian
for k < 0.
• VG Lie algebra isomorphic to so3 (class P3):
Consider the basis of so3 of the form {e1, e2, e3} admitting the structure constants1
[e1, e2] = e3, [e2, e3] = e1, [e3, e1] = e2.
Then, system (4) takes in this case the form
de1
dt
= b3(t)e2 − b2(t)e3, de2
dt
= b1(t)e3 − b3(t)e1, de3
dt
= b2(t)e1 − b1(t)e2. (10)
In this case, the Casimir function of the KKS Poisson structure on so∗3 reads [20, 23]
Cso3 := e
2
1 + e
2
2 + e
2
3.
The two-dimensional submanifolds where Cso3 becomes a constant k
2, i.e. the symplectic surfaces
associated with the KKS bracket, are therefore spheres, Fk, with different radius k > 0. As previously
explained in the general theory of this section, the Lie algebra V k defined on each sphere becomes a
VG Lie algebra isomorphic to so3. In view of Table 1, the Lie algebra V
k is locally diffeomorphic to
P3.
For the sake of completeness, we can describe the restriction process in detail. If one consider the
set of variables
k :=
√
e21 + e
2
2 + e
2
3, r :=
√
e21 + e
2
2, tgϕ :=
e2
e1
,
1We recall that these commutation relations are not the same as the ones of the basis of P3 given in Table 1.
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the restriction of (10) to a symplectic leaf Fk reads
dr
dt
=
√
k2 − r2[b1(t) sinϕ− b2(t) cosϕ], dϕ
dt
= −b3(t)+
√
k2/r2 − 1[b1(t) cosϕ+ b2(t) sinϕ]. (11)
As stated previously, there must exist a change of variables mapping this system of differential equations
into a Lie system with the VG Lie algebra P3. In fact, the change of variables
x := −1
r
[
√
k2 − r2 + k] sinϕ, y := 1
r
[
√
k2 − r2 + k] cosϕ
maps (11), i.e. the restriction of (10) to Fk, onto
dξ
dt
= b1(t)
(
1
2
(1 + x2 − y2) ∂
∂x
+ xy
∂
∂y
)
+ b2(t)
(
xy
∂
∂x
+
1
2
(1 + y2 − x2) ∂
∂y
)
+ b3(t)
(
y
∂
∂x
− x ∂
∂y
)
,
where ξ := (x, y) ∈ R2.
It is worth noting that the Casimir tensor field relative to Cso3 , namely
Tso3 := X
k
1 ⊗Xk1 +Xk2 ⊗Xk2 +Xk3 ⊗Xk3 , (12)
is tangent to Fk. The coefficients of Tso3 in the local coordinates {e1, e2}, which are well defined on a
point with k2 > e21 + e
2
2 of every leaf Fk for k > 0, read
det(Tso3) = det
[
e23 + e
2
2 −e1e2
−e2e1 e23 + e21
]
= (k2 − e21 − e22)k2 > 0 (13)
and Tso3 becomes a non-degenerate tensor field. Its inverse, gso3 , becomes a Riemmanian metric since
the determinant of its coefficients is positive. As a similar result can be obtained in any local coordinate
system around points of each Fk, the leaf Fk becomes a Riemmanian manifold. Since (12) satisfies that
LXk
i
Tso3 = 0 for i = 1, 2, 3, then V
k consists of Killing vector fields with respect to gso3 , as proved in
[16], and the Lie–Hamilton systems on Fk are also Riemannian–Lie systems.
To finish this section, we stress that Theorem 3.1 implies that the Lie algebra sl3 or other simple Lie
algebras have no two-dimensional symplectic leaves. Otherwise, such Lie algebras of vector fields would
give rise to Lie algebras of Hamiltonian vector fields on R2, which are absent in Table 1. Moreover,
the method exposed here can be employed to obtain Lie–Hamilton systems on higher-dimensional
manifolds.
4 Non-simple VG Lie algebras and symplectic foliations
It is immediate that the method showed in the last section can be slightly modified to give rise to
Lie–Hamilton systems on the non-zero-dimensional symplectic leaves of the symplectic stratifications
of the KKS bracket of general, not necessarily simple, Lie algebras g. Nevertheless, the induced VG
Lie algebras on each leaf, V k, do not need to be isomorphic neither to Vg∗ nor to g. The difficulties due
to the lack of an isomorphism between g and V k were not addressed in [4]. Despite above mentioned
problems, we prove in this section that the method given in Section 3 can be extended to the Lie
algebras iso2 and iso1,1 to obtain Lie–Hamilton systems on their symplectic leaves related to VG Lie
algebras locally diffeomorphic to elements of the class I14A for r = 2.
• VG Lie algebra isomorphic to iso2 (class I14A for r = 2):
Let {e1, e2, e3} be a basis of the Lie algebra iso2, i.e. the abstract Lie algebra isomorphic to a VG
Lie algebra of the class I14A, with commutation relations
[e1, e2] = 0, [e1, e3] = −e2, [e2, e3] = e1. (14)
The Poisson structure on iso∗2 given by the KKS bracket admits a Casimir function [20, 23] given by
Ciso2 := e
2
1 + e
2
2.
Consequently, the symplectic stratification on iso∗2 is given by the cylinders e
2
1 + e
2
2 = k, with k > 0,
and the set of points with e1 = e2 = 0. We focus on the two-dimensional symplectic leaves, Fk with
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k > 0, of this stratification. Using (14), we obtain that the vector fields Xα := {eα, ·} for α = 1, 2, 3
read
X1 = −e2 ∂
∂e3
, X2 = e1
∂
∂e3
, X3 = e2
∂
∂e1
− e1 ∂
∂e2
,
on the coordinates {e1, e2, e3} of iso∗2. The restrictions of X1, X2, X3 to the two-dimensional symplectic
leaves Fk can be expressed on each leaf by restricting the cylindrical coordinates {r :=
√
e21 + e
2
2 =
√
k,
ϕ := arc tan(e2/e1), e3} on iso∗2 to each leaf, i.e. via {ϕ, e3}. Then,
Xk1 = −r sinϕ
∂
∂e3
, Xk2 = r cosϕ
∂
∂e3
, Xk3 = −
∂
∂ϕ
.
Therefore, one obtains that Xk1 , X
k
2 , X
k
3 are Hamiltonian and span a three-dimensional Lie algebra
V k ≃ iso2. Since 〈Xk1 , Xk2 〉 ≃ R2, Xk1 ∧Xk2 = 0, and the Lie brackets of Xk3 with elements of 〈Xk1 , Xk2 〉
belong also to the latter linear space, V k must be locally diffeomorphic to a Lie algebra of the class
I14A for r = 2.
• VG Lie algebras isomorphic to iso1,1 (class I14A for r = 2):
Let {e1, e2, e3} be a basis of iso1,1 with the structure constants given by
[e1, e2] = 0, [e1, e3] = e1, [e2, e3] = −e2.
Then, a Casimir function is given by
Ciso1,1 := e1e2.
Hence, the two-dimensional symplectic leaves associated with the KKS Poisson bracket on iso1,1 are
given by surfaces e1e2 = k 6= 0 or the four semiplanes with e1 = 0 or e2 = 0. We now write Fk for the
symplectic leaf for a certain k 6= 0.
Let us derive the restrictions of the vector fields X1, X3, X3 on iso
∗
1,1, i.e.
X1 = e1
∂
∂e3
, X2 = −e2 ∂
∂e3
, X3 = −e1 ∂
∂e1
+ e2
∂
∂e2
,
to the symplectic leaves Fk by defining the coordinates e1 =: e
h, k := e1e2, and e3, when they will
have sense. This gives rise to the expressions
Xk1 = e
h ∂
∂e3
, Xk2 = −e−hk
∂
∂e3
, Xk3 = −
∂
∂h
.
Therefore, the restriction to a leaf Fk with k 6= 0 is a Lie system with a VG Lie algebra belonging to
the class I14A for r = 2.
It is immediate that V k for k = 0 gives rise to a VG Lie algebra on a semi-plane isomorphic to h2,
i.e. a non-Abelian two-dimensional Lie algebra, and locally diffeomorphic to I14A for r = 1.
5 An approach through automorphic Lie systems and left-
invariant bivector fields
The method established in Sections 3 and 4 cannot be easily applied to all Lie–Hamilton systems on
R
2. On the one hand, this is due to the fact that the abstract Lie algebras isomorphic to the VG Lie
algebras in Table 1 may not posses a sufficient number of Casimir functions or invariants to reduce
the system to a two-dimensional submanifold with a compatible symplectic structure, e.g. the Lie
algebra I16 for r = 1 has no Casimir function (cf. [20, 23]). On the other hand, one could consider
other Lie algebras g not given in Table 1 and expect that the restriction of the vector fields X1, . . . , Xr
on g∗ onto certain two-dimensional symplectic leaves (relative to the KKS bracket) will give rise to
Lie–Hamilton systems with the remaining VG Lie algebras in Table 1. But there is no hint about the
form of the general Lie algebras g to be used.
Above problems motivate our following alternative model for Lie–Hamilton systems on R2 (and
other possible ones on higher-dimensional manifolds). Our approach suggests that Lie–Hamilton sys-
tems on R2 can be recovered as projections of automorphic Lie systems with appropriate projectable
invariants in T Linv(G) or, more generally, elements of T (G).
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Let us provide our new approach. Consider a Lie system X =
∑r
α=1 bα(t)Xα on a two-dimensional
connected manifold N with a VG Lie algebra V := 〈X1, . . . , Xr〉. The integration of V allows us to
obtain a Lie group action Φ : G× N → N whose Lie algebra of fundamental vector fields is equal to
V and dimG = dimV . Assume that DV = TN , which yields that V is a locally transitive VG Lie
algebra. Then,
Φx : g ∈ G 7→ Φ(g, x) ∈ N
is surjective for every x ∈ N . If Gx is the isotropy group of x ∈ N , then one gets the commutative
diagram
G N
G/Gx
Φx
π
Φ̂x
(15)
where Φ̂x is a diffeomorphism. Moreover, if X
R
v is the right-invariant vector field on G with X
R
v (0) = v
for v ∈ g and Xv is the fundamental vector field2 of Φ associated with v, then
Φx∗g(X
R
v )g =
d
dt
∣∣∣∣
t=0
Φx(exp(tv)g) = −Xv(gx), ∀g ∈ G ⇒ Φx∗XRv = −Xv, ∀v ∈ g.
In particular, Φx∗X
R
α = −Xα, with α = 1, . . . , r, for a certain basis {XR1 , . . . , XRr } of V R. Due to the
commutativity of the diagram (15), one obtains that π∗(V
R) ≃ V, where V R, as usually, stands for
the Lie algebra of right-invariant vector fields on G.
Our aim now is to obtain a Poisson bivector Λ on G that can be projected onto G/Gx, e.g. Λ
is a left-invariant bivector field that is invariant relative to the left-invariant vector fields tangent to
Gx. This shows that π∗Λ exists. Then, π∗Λ induces a Poisson bivector on G/Gx that is invariant
relative to π∗(V
R). Hence, this allows us to define a Lie–Hamilton system on G/Gx given by X
pi :=
−∑rα=1 bα(t)π∗XRα , which is diffeomorphic to the one, X , on N via Φ̂x. If π∗Λ does not vanish, then
X is a Lie–Hamilton system relative to a symplectic structure.
To illustrate the above method, let us analyse Lie–Hamilton systems related to P5, I16, P1, and I8.
• VG Lie algebra isomorphic sl2 ⋉R2 (class P5):
We consider the Lie group SL2 ⋉ R
2 as the direct product of the matrix Lie group SL2 of 2 × 2
unimodular matrices with R2 relative to the multiplication
(A,~r) ⋆ (B,~s) := (AB,A~s+ ~r) , ∀A,B ∈ SL2, ∀~r, ~s ∈ R2.
Let us analyse now the automorphic Lie system on SL2 ⋉R
2 given by
XR(t, g) := −
5∑
α=1
bα(t)X
R
α (g), ∀g ∈ SL2 ⋉R2,
for a certain basisXR1 , . . . , X
R
5 of right-invariant vector fields on SL2⋉R
2. Let us use a local coordinate
system {α, β, γ, σ, ǫ} defined close to the neutral element of SL2 ⋉ R2 and related to the description
of elements of SL2 ⋉R
2 in the form([
α β
γ δ
]
,
[
σ
ǫ
])
,
[
α β
γ δ
]
∈ SL2,
[
σ
ǫ
]
∈ R2.
In this coordinate system, a basis of left-invariant vector fields on SL2 × R2 reads
XL1 = α
∂
∂α
− β ∂
∂β
+ γ
∂
∂γ
, XL2 = α
∂
∂β
, XL3 = β
∂
∂α
+
1 + βγ
α
∂
∂γ
,
XL4 = α
∂
∂σ
+ γ
∂
∂ǫ
, XL5 = β
∂
∂σ
+
1 + βγ
α
∂
∂ǫ
.
2We choose the fundamental vector field Xv to be defined as Xv(x) :=
d
dt
∣
∣
t=0
Φ(exp(−tv), x) for every x ∈ N
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They span indeed a VG Lie algebra isomorphic to the VG Lie algebras of the class P5. Meanwhile,
XR1 = α
∂
∂α
+ β
∂
∂β
− γ ∂
∂γ
+ σ
∂
∂σ
− ǫ ∂
∂ǫ
, XR2 = γ
∂
∂α
+
1 + βγ
α
∂
∂β
+ ǫ
∂
∂σ
,
XR3 = β
∂
∂α
+
1 + βγ
α
∂
∂γ
, XR4 =
∂
∂σ
, XR5 =
∂
∂ǫ
.
(16)
Since Λ := XL4 ∧XL5 is a exterior product of left-invariant vector fields, it is then invariant relative to
the Lie derivatives with respect to the elements of V R.
If we consider the quotient space (SL2 ⋉ R
2)/SL2 of left-cosets of SL2, we obtain the projection
π : SL2 ⋉ R
2 → (SL2 ⋉ R2)/SL2 which satisfies that kerπ∗g = 〈(XL1 )g, (XL2 )g, (XL3 )g〉. Since Λ and
all the elements of V R are invariant with respect to the Lie derivatives relative to the elements of
〈XL1 , XL2 , XL3 〉, one obtains that V R and Λ are projectable onto (SL2 ⋉ R2)/SL2. The projections
of the elements of V R onto (SL2 ⋉ R
2)/SL2 are spanned by linear combination over the reals of the
elements of the basis
Xpi1 = σ
∂
∂σ
− ǫ ∂
∂ǫ
, Xpi2 = ǫ
∂
∂σ
, Xpi3 = δ
∂
∂γ
, XR4 =
∂
∂σ
, XR5 =
∂
∂ǫ
.
Therefore, the projection of the vector fields (16) onto SL2⋉R
2 span, as proved in our general theory,
a VG Lie algebra isomorphic to sl2 ⋉R
2. Moreover, the projection of XR onto (SL2⋉R
2)/SL2 takes
the form
Xpi(s) := −
5∑
α=1
bα(t)X
pi
α(s), ∀s ∈ (SL2 ⋉R2)/SL2, (17)
andXpi admits a VG Lie algebra V pi = 〈Xpi1 , . . . , Xpi5 〉 ≃ sl2⋉R2. Moreover, one has that the projection,
Λpi, of Λ onto SL2 ⋉R
2 reads
Λpi =
∂
∂σ
∧ ∂
∂ǫ
,
which becomes equivalent to a symplectic form. Since Λ is invariant relative to the elements of V R,
it follows that Λpi is invariant with respect to the elements of V pi, and (17) becomes a Lie–Hamilton
system relative to Λpi. Recall that the integration of the VG Lie algebra P5 gives rise to a Lie group
action Φ : (SL2 ⋉ R
2) × R2 → R2. In view of the basis of P5 in Table 1, one sees that SL2 can be
considered as the isotropy group of 0 ∈ R2. Then, the mapping Φ0 : SL2 × R2 → R2 gives rise to a
diffeomorphism Φ̂0 : (SL2 ⋉R
2)/SL2 → R2 that maps (17) onto a Lie–Hamilton system on R2 of the
form
X = −
5∑
α=1
bα(t)Φ̂0∗X
pi
α ,
where {Φ̂0∗Xpiα , . . . , Φ̂0∗Xpiα} is a basis of P5.
• VG Lie algebra isomorphic to h2 ⋉Rr+1 (class I16):
The Lie algebra, h2 ⋉ R
r+1, which is isomorphic to the VG Lie algebra I16 for the fixed r, has an
associated Lie group given by H2⋉R
r+1. This Lie group acts on R2 having a set of fundamental vector
fields given in the class I16 of Table 1. The Lie algebra of vector fields vanishing at 0 ∈ R3 is given by
〈x∂y − y∂x, x∂y, . . . , xr∂y〉. Then, the isotropy group at 0 ∈ R2 is R ⋉ Rr, and its corresponding Lie
algebra is isomorphic to R⋉ Rr.
Let us choose a basis of h2⋉R
r+1 of the form {e1, . . . , er+3} obeying the same commutation relations
as the basis of I16 in Table 1. In other words, the chosen basis has non-vanishing commutation relations
[e1, e3] = e1, [e1, e4] = e2, [e1, e4+i] = (i+ 1)e3+i, [e2, e3] = −e2, [e3, e3+i] = (1 + r)e3+i,
for i = 1, . . . , r. If {XL1 , . . . , XLr+3} is a basis of left-invariant vector fields on H2 ⋉ Rr+1 such that
XLα (e) = eα for α = 1, . . . , r + 3, one can consider the bivector field on H2 ⋉R
r+1 of the form
Λ := XL1 ∧XL2 .
This bivector field is invariant relative to the Lie derivatives with right-invariant vector fields. Moreover,
Λ can be projected onto (H2⋉R
r+1)/(R⋉Rr) together with the automorphic Lie system on H2⋉R
r+1
of the form
XR(t, g) := −
r+3∑
α=1
bα(t)X
R
α (g), ∀g ∈ H2 × Rr+1.
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If π : H2 ⋉ R
r+1 → (H2 ⋉ Rr+1)/(R ⋉ Rr) is the quotient mapping, π∗Λ is a Poisson bivector that
is invariant relative to Xpiα := π∗X
R
α , for α = 1, . . . , 5, and this leads to a Lie–Hamilton system on
(H2 ⋉R
r+1)/(R ⋉ Rr) given by
Xpi := −
r+3∑
α=1
bα(t)X
pi
α .
In view of our previous general comments, the VG Lie algebra of the projection is locally diffeomorphic
to I16, and it represents geometrically this class of Lie–Hamilton systems on R
2.
• VG Lie algebras P1 and I8:
These cases follow exactly the same ideas given in previous examples, hence we will just sketch
the procedure. In the case of the VG Lie algebra P1, its vector fields can be integrated to define an
action of the Lie group R ⋉ R2 on R2 admitting a set of fundamental vector fields given by P1. One
then considers an automorphic Lie system XR = −∑3α=1 bα(t)XRα on the Lie group R ⋉ R2, where
XR1 , X
R
2 , X
R
3 are assumed to admit the same commutation relations as the basis X1, X2, X3 of P1
given in Table 1. The isotropy group of the point 0 ∈ R2 is given by a Lie subgroup H ≃ R whose Lie
algebra is spanned by XL3 .
Then, Λ := XL1 ∧XL2 is a Poisson bivector on the Lie group R⋉R2 that is also invariant relative to
the Lie derivatives with respect to the VG Lie algebra 〈XR1 , XR2 , XR3 〉. Thus, Λ and XR are invariant
relative to XL3 and they can be therefore projected simultaneously onto (R⋉R
2)/H via π, giving rise
to a Lie–Hamilton system on the plane relative to π∗Λ with a VG Lie algebra locally diffeomorphic to
P1. In the case of I8, the procedure is absolutely analogous.
Let us provide a slight generalisation of the above procedure that will allow us to retrieve the
Lie–Hamilton systems on the plane admitting a VG Lie algebra locally diffeomorphic to any of the VG
Lie algebras of the classes I14A and I14B.
• VG Lie algebras isomorphic to R ⋉ Rr (classes I14A and I14B):
Any VG Lie algebra V of the classes I14A or I14B can be integrated to give rise to a Lie group action
of a Lie group Gr := R ⋉ R
r on R2 whose fundamental vector fields are given by V . The Lie algebra
of the isotropy group of 0 is given by an (r − 1)-dimensional Lie subalgebra Vr of 〈X2, . . . , Xr〉, where
we can assume without loss of generality that X2 does not vanish at 0 and therefore X2 /∈ Vr. Thus,
Vr is isomorphic to the Abelian Lie algebra R
r−1 with a Lie subgroup H . Then, R2 is diffeomorphic
to the quotient space Gr/H with the Abelian Lie group H ≃ Rr−1. We write V Lr for the Lie algebra
of the left-invariant vector fields of the isotropy group of 0, which is isomorphic to Vr.
We define the automorphic Lie system on Gr of the form
XR(t, g) := −
r+1∑
α=1
bα(t)X
R
α , ∀g ∈ Gr, (18)
whereXR1 , . . . , X
R
r+1 are assumed to close the opposite structure constants than the basisX1, . . . , Xr of
the VG Lie algebra on R2 under inspection. Let us also define J := XL1 ∧XL2 , which is not necessarily
a Poisson bivector as3 [J, J ]SN = −2[XL1 , XL2 ] ∧XL1 ∧XL2 and [XL1 , XL2 ], which may different for the
VG Lie algebras of the classes I14A and I14B.
Let us try to project XR and J onto the two dimensional quotient space Gr/H . Since X
R is
invariant relative to left-invariant vector fields, it will be projectable onto Gr/H via the canonical
projection π. Meanwhile, for every XL ∈ V Lr , one gets that LXLJ = LXLXL1 ∧XL2 = [XL, XL1 ]∧XL2 .
Since [XL, XL1 ] = cX
L
2 + X
L
r for a certain constant c and an element X
L
r ∈ V Lr , one obtains that
LXLJ = XLr ∧XL2 , which projects onto zero in Gr/H . By Lemma 2, the J is projectable onto Gr/H .
Moreover, [J, J ]SN is such that π∗[J, J ]SN = 0 and π∗J is a Poisson bivector. Hence, one obtains that
the projection of XR onto Gr/H is a Lie–Hamilton system relative to π∗Λ that is locally diffeomorphic
to a Lie–Hamilton system on the plane with a VG Lie algebra locally diffeomorphic to V .
It is now very simple to prove that the above generalisation allows us to recover the Lie–Hamilton
systems on the plane related to the VG Lie algebras P2, P3, I4, and I5.
It seems to us that the previous procedure could be extended to study Lie–Hamilton systems on
higher-dimensional manifolds. The idea is to construct from a Lie–Hamilton system X on a manifold
N with a locally transitive VG Lie algebra V of Hamiltonian vector fields an automorphic Lie system
on a certain Lie group G with a VG Lie algebra of right-invariant vector fields isomorphic to V . Then,
3See [25] for our convention on the Schouten-Nijenhuis bracket.
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a left-invariant bivector field Λ must become projectable onto the quotient space with an isotropy
group, which can be tested by using the algebraic properties of g and/or using T L(G) as previously.
6 Conclusions and outlook
We have developed two natural geometric models for the study of Lie–Hamilton systems on the plane
that, quite probably, can also be used to study higher-dimensional Lie–Hamilton systems. We plan to
study such an extension in the future.
On the other hand, it is natural to wonder whether the given approaches to Lie–Hamilton systems
are useful to study their superposition rules. Recall that superposition rules for certain Lie–Hamilton
systems were obtained through Casimir functions (see [17] and references therein), while Winternitz
and coworkers derived superposition rules for classes of Lie systems by considering them as projections
of automorphic Lie systems (see [9, 17, 21, 22]). Hence, it seems to us that our techniques, where such
structures appear naturally, can be useful to study the existence and derivation of superposition rules.
We aim to study this topic in further works.
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